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Universal finite-size scaling functions with exact nonuniversal metric factors
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Using exact partition functions and finite-size corrections for the Ising model on finite square, plane trian-
gular, and honeycomb lattices and extending a method@J. Phys.19, L1215~1986!# to subtract leading singular
terms from the free energy, we obtain universal finite-size scaling functions for the specific heat, internal
energy, and free energy of the Ising model on these lattices with exact nonuniversal metric factors.
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Finite-size scaling has been of interest to scientists wo
ing on a variety of critical systems, including superfluid
spin models, percolation models, lattice gauge models,
glass, etc.@1–4#. Universal finite-size scaling and finite-siz
corrections in finite critical systems have attracted much
tention in recent decades@2–9#. Using renormalization group
arguments, in 1984 Privman and Fisher first proposed
concepts of universal finite-size scaling functions~UFSSF’s!
and nonuniversal metric factors@2#. Using Monte Carlo
methods@10# and choosing aspect ratios of the square~SQ!,
plane triangular~PT!, and honeycomb~HC! lattices so that
these have the relative proportions 1:A3/2:A3 @11#, Hu et al.
and Okabeet al. found UFSSF’s for the percolation and th
Ising models on two-dimensional lattices@3,4#. Since these
studies were based on numerical simulations, there is alw
some numerical uncertainty in the obtained results. Here
use the exact partition functions of the Ising model on fin
SQ, PT, and HC lattices with periodic-aperiodic bounda
conditions@12,13# and an exact expansion method@8# to ob-
tain exact finite-size corrections of the free energyf B, the
internal energyEB, and the specific heatCB of the critical
Ising model on these lattices with periodic-periodic (pp),
periodic-antiperiodic (pa), antiperiodic-periodic (ap), and
antiperiodic-antiperiodic (aa) boundary conditions~BC’s!,
whereB denotes BC’s. Using these coefficients and exten
method@14# to subtract leading singular term from the fre
energy, we subtract leading singular terms fromCB, EB, and
f B and find that the corresponding residualsDB, GB, andWB

@see Eqs.~7!–~9! below# have a very good finite-size scalin
behavior. Choosing aspect ratios of the SQ, PT, and HC
tices so that these have the relative proportions 1:A3/2:A3
@11# and calculating exact nonuniversal metric factors fro
exact partition functions and finite-size corrections, we fi
that DB, GB, and WB of the SQ, PT, and HC lattices hav
very nice universal finite-size scaling behavior.

The partition function of the Ising model is given by
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s is j G , ~1!

whereJ is the coupling constant,b51/(kBT) with kB being
the Boltzmann constant andT being the absolute tempera
ture, s i561 is the Ising spin at sitei, the first sum is over
all spin states and the second sum is over the nea
neighbor pairŝ i , j & of the spins. The exact partition func
tions for L13L2 SQ, PT and HC lattices for variou
periodic-aperiodic BC’s are@13#

ZB5
1

2
2L1L2@cosh~bJ!#zL1L2/2(

i 51

4

« i
BV i , ~2!

where z is the coordination number of the lattice an
« i

B shown in Table I are sign factors specified by BC
and V15V (1/2)(1/2), V25V (1/2)0, V35V0(1/2) , V45
2sgn(u /uc21)V00, with

Vmn5 )
p50

gL121

)
q50

L221 H A02A1Fcos
2p~p1m!

gL1
1cos

2p~q1n!

L2
G

2A2cosS 2p~p1m!

gL1
2

2p~q1n!

L2
D J 1/2

. ~3!

Hereg, A0 , A1 , A2, and the critical values ofbJ, bcJ, are
listed in Table II.

To calculate the specific heat, we writeZB as

ZB5
1

2
@2 sinh~2h!#L1L2/2(

i 51

4

« i
BZi~t,R,L !, ~4!

TABLE I. Sign factors« i
B in Eq. ~2! for various BC’s.

BC «1
B «2

B «3
B «4

B

pp 1 1 1 1

pa 1 1 2 2

ap 1 2 1 2

aa 2 1 1 2
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whereh5bJ, Zi(t,R,L)5V i /(A1/2)gL1L2/2, t5D2Le, D2
is a nonuniversal metric factor@15#, L5(L1L2)1/2, e5(T
2Tc)/Tc , andR5L1 /L2 is the aspect ratio. Then, the sp
cific heat CB/kB[(h2/L2)(]2ln ZB/]h2) near t50 can be
written as

CB

kB
5FC0,0ln L1C0

B~R!1
C1

B~R!

L
1OS 1

L2D G1
1

D2
FA0

B~R!

1
A0,0~R!

L
ln L1OS 1

L D Gt1O~t2!. ~5!

Here C0,05c0,0hc
2 , C0

B(R)5hc
2@c0,122c0,0f 12c0,2R f2

2

2 1
2 c0,0ln R#, C1

B(R)52c1ARhc
2f 2 , A0,0(R)5a0,0ARhc

3

22c0,0hc
2 , A0

B(R)52(a0ARhc
3/p) f 2@pR f2

21a1f 1

2 1
3 a1f 3#, where hc5bcJ, f 15(«1

Buu3u lnuu3u1«3
Buu4ulnuu4u

1«2
Buu2ulnuu2u)/F, f 25(«4

Buu2uuu3uuu4u)/F, f 3

5 ln(4uu2uuu3uuu4u), F5(«1
Buu3u1«3

Buu4u1«2
Buu2u), with u i

5u i(0,q) the Elliptic u functions of modulusq, and c0,0,
c0,1, c0,2, c1 , a0,0, a0 , a1, andq are listed in Table III.

Based on Ref.@14#, we write the free energyf B

[(1/L2)ln ZB neare50 as

f B'F0
B1F1

Be2
1

2
@C0

B~R!1C0,0ln L#e2

2~D2L !22WB~t,R,L !, ~6!

with scaling function WB. Here F0
B5 f 0,01 f 0,1/L2

1O(L24) and F1
B5bcE0,01bcE0,1/L1O(L22), where

f 0,050.929 695 4 . . . for SQ, 0.879 585 4 . . . for PT, a

TABLE II. Expressions forg, A0 , A1 , A2 in Eq. ~3! andbcJ for
various lattices,t5tanh(bJ).

Lattice g A0 A1 A2 bcJ

SQ 1 (11t2)2 2t(12t2) 0 1
2 ln(11A2)

PT 1 (11t2)318t3 2t(12t2)2 2t(12t2)2 1
2 lnA3

HC 1
2 113t4 2t2(12t2) 2t2(12t2) 1

2 ln(21A3)
06510
1.025 059 1 . . . for HC lattices,f 0,1
B 5 ln F21

3ln f3, E0,0 for
the SQ, PT, and HC lattices are listed in Table III, andE0,1

B

52Ac0,2R f2.
To study finite-size scaling, we define the scaling functi

for the specific heat,DB, as

FIG. 1. The scaling functionsDpp(t,R51,L), Gpp(t,R51,L),
andWpp(t,R51,L) as a function oft with D251 for ~a! SQ, ~b!
PT, ~c! HC lattices under periodic-periodic (pp) BC’s. Gpp andWpp

are shown as left and right insets, respectively.
TABLE III. Expressions forc0,0, c0,1, c0,2, c1 , a0,0, a0 , a1 , q, andE0,0; gE (50.577 215 664 9. . . ) is
the Euler constant.

Lattice c0,0 c0,1 c0,2 c1 a0,0 a0 a1 q E0,0

SQ 8
p

8

p Sln4A2

p
1gE2

p

4 D 4 2A2 24A2
p

16 6 e2pR 2A2

PT 12A3
p

12A3

p S ln
4A3

p
1gE2

A3p

6 D 9 6 72A3
p

54 4A3 e2p(A32 i )R/2 22

HC 2A3
p

2A3

p S ln
4A3

p
1gE2

A3p

9 D 3
4

1

A2

6A2
p

3A3
4

8A3 e2p(A32 i )R/4
2

2

A3
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DB~t,R,L !5
]2WB~t,R,L !

]t2
5

cB

kB
2@C0

B~R!1C0,0ln L#

5
1

D2
FA0

B~R!1
A0,0~R!

L
lnL1OS 1

L D Gt1O~t2!

1
C1

B~R!

L
1OS 1

L2D . ~7!

According to the definition of internal energyEB

52(1/L2)(] ln ZB)/(]h), we define the scaling function fo
the internal energy,GB, as

GB~t,R,L !5
]WB~t,R,L !

]t
52D2LbcH EB2S E0,01

E0,1
B

L D
1

1

bc
@C0

B~R!1C0,0ln L#eJ .DBt1O~t2!.

~8!

FIG. 2. The scaling functionD1DB(t,D3R,L) as a function oft
for SQ, PT, and HC lattices, andD3 is defined in the text.~a! R
51, pp BC’s, L151024, D1

PT50.957 . . . , and D1
HC

50.9896 . . . , ~b! R51/2, pp BC’s, L15768, D1
PT50.9898 . . . ,

and D1
HC51.018 . . . , and ~c! R51/2, pa BC’s, L15768, D1

PT

50.9997 . . . , andD1
HC51.0167 . . . . Theinsets show curves nea

t50 in more detail.
06510
Similarly, the scaling function for the free energy,WB, is

WB~t,R,L !52~D2L !2H bc

b F f B2S f 0,01
f 0,1

B

L2 D G
1bcS E0,01

E0,1

L D e1
1

2
@C0

B~R!1C0,0ln L#e2J
.

1

2
DBt21O~t3!. ~9!

In the scaling functionDB, C1
B(R) is the leading term in

finite-size corrections. Thus, the finite-size effect for thepp
boundary condition is the smallest in comparison with t
pa, ap, and aa BC’s. The behaviors ofDB(t,R51,L),
GB(t,R51,L), and WB(t,R51,L) as a function oft with
D251 for the SQ, PT, and HC lattices withpp BC’s are
shown in Figs. 1~a!, 1~b! and 1~c!, respectively, which show
that these quantities have very nice finite-size scaling beh
ior.

FIG. 3. The scaling functions D1WB(t,D3R,L) and
D1GB(t,D3R,L) as a function oft for SQ, PT, and HC lattices
Boundary conditions and the values ofR, L1 , D1

PT, and D1
HC for

~a!, ~b!, and ~c!, respectively, are the same as the correspond
parts in Fig. 2.
3-3
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To study the UFSSF’s ofDB(t,R,L), we take aspect ra
tios of the SQ, PT, and HC lattices to have the relative p
portions 1:A3/2:A3. Equation~7! implies that for large lat-
tices, the slope ofDB as a function oft at t50 is determined
by A0

B . We can further multiply the scaling function by an
other nonuniversal metric factorD1 to obtain

D1DB~t,R,L !5
D1

D2
FA0

B~R!1
A0,0~R!

L
ln L1OS 1

L D Gt
1O~t2!1OS 1

L D . ~10!

We can take values ofD1 /D2 so that the leading terms in th
right-hand sides of Eq.~10! have the same slope for SQ, P
and HC lattices. Accordingly, we take (D1 /D2)SQ51 for the
SQ lattice, (D1 /D2)PT5A0,SQ

B (RSQ)/A0,PT
B (RPT) for the PT

lattice, and (D1 /D2)HC5A0,SQ
B (RSQ)/A0,HC

B (RHC) for the HC
lattice. To explore the behaviors of the amplitudeA0

B as a
function of R, we considerA0

B(D3R) with scale factorsD3

51,A3/2,A3 for the SQ, PT, and HC lattices, respective
The sign of theA0

B(D3R), in general, gives the informatio
about the location (tmax) of the maximum of the specific
heat. WhenA0

B(D3R) is positive, tmax.tc50, and when
A0

B(D3R) is negative,tmax,tc . For thepp andpa BC’s, the
behaviors ofA0

B(D3R) for the SQ, PT, and HC lattices ar
roughly in a similar feature in the region of 0,R&1. How-
ever, for theap andaa BC’s, the curves ofA0

B(D3R) for the
SQ lattice are quite different from those for PT and HC l
tices.
a
,

int

06510
-

.

-

To show examples of (D1 /D2) and UFSSF’s, we note
that for R51, (D1 /D2)PT50.9688 . . . (pp),
1.0297 . . . (pa), and (D1 /D2)HC51.0332 . . . (pp),
1.0981 . . . (pa). For R51/2 and 1/3, we have (D1 /D2)PT
50.9864 . . . (pp), 0.9864 . . . (pa), and (D1 /D2)HC
51.0520 . . . (pp), 1.0520 . . . (pa). We find that the values
of D1 /D2 are roughly 0.9864 . . . , 1.0520 . . . for the PT
and HC lattices in the range 0.05&R&0.75 and the values
are same for thepp and pa BC’s. Using these values an
calculatingD1 based on exact specific heat for such fin
lattices, we plot theD1DB(t,D3R,L) for the SQ, PT, and HC
lattices in Figs. 2~a!, 2~b!, and 2~c!, respectively, which show
that the residual specific heats have very nice unive
finite-size scaling behavior. Based onDB, GB, and WB in
Eqs.~7!–~9!, we can further multiply the scaling functions o
the internal energy and the free energy by the sameD1, and
obtain UFSSF’s forD1GB(t,D3R,L) andD1WB(t,D3R,L),
which are plotted in Figs. 3~a!–3~c!. These figures also show
very nice universal finite-size scaling behavior.

Although the results of this paper are based on anal
expressions for the physical quantities of the Ising mod
our formulations can be extended to numerical or experim
tal studies of finite critical systems@16#. For example, the
coefficientsC0

B(R) and C0,0 of Eq. ~7! can be evaluated by
using extrapolation techniques to analyze simulation or
perimental data, then one can define the scaling function
the specific heat similar to that in Eq.~7!. As a result, the
UFSSF for the specific heat can be obtained.
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