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Exact finite-size scaling functions of the interfacial tensions are obtained for the Ising model with isotropic
coupling on a set of M �N planar lattices, including square �sq�, plane triangular �pt�, and honeycomb �hc�
lattices. The analyses of transitive behaviors at criticality revise the knowledge of the interfacial tensions as a
function of the aspect ratio defined by R=M /N for R approaching to zero gradually. The amplitudes of the
interfacial tensions for the sq, pt, and hc lattices are further shown to have relative proportions 1:�3/2 :�3
which are related to the aspect ratios for the three lattices to have similar domains.
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The analysis of finite-size effects is an important issue in
the experiments and in numerical studies of critical systems
�1�. The scaling behaviors of such corrections to the proper-
ties of infinite systems play an increasingly important role in
our theoretical understanding of the critical regime of statis-
tical systems. Therefore, there have been many investiga-
tions on finite-size scaling, finite-size corrections, universal
finite-size scaling functions �UFSSF’s�, and boundary effects
for critical model systems in recent decades �1–8�.

Recently, Wu et al. �8� used the exact partition functions
of the Ising model on finite square �sq�, plane triangular �pt�,
and honeycomb �hc� lattices with periodic-aperiodic bound-
ary conditions �9� and the corresponding finite-size correc-
tions �6�, and extended the method of Ref. �10� to investigate
the finite-size functions of the system. They obtained exact
universal finite-size scaling functions for the specific heat,
internal energy, and free energy on these lattices with exact
nonuniversal metric factors �8�. The study resolves the diffi-
culty that most of previous analyses of UFSSF’s were based
on numerical simulations which always have some numerical
uncertainties in the obtained results. In this paper, based on
the same analytical background, we extend the studies to the
interfacial tension with isotropic coupling.

The interfacial tension is defined as the difference be-
tween the free energies of two finite-size systems with dif-
ferent boundary conditions �11–13�. For the case of the Ising
model on M �N planar lattices, the interfacial tension is de-
fined as the difference in free energy between systems with
periodic and antiperiodic boundary conditions along the ver-
tical direction as shown in Fig. 1 �12,13�, which is also
known as the Bloch wall free energy �11�. The interfacial
tension in this paper is then defined as

���,R,N� = M�fap��,R,N� − fpp��,R,N�� , �1�

where �= �T−Tc� /Tc is the reduced temperature, T is the ab-
solute temperature, Tc is the critical temperature, R=M /N is
the aspect ratio, and the superscript a denotes antiperiodic
boundary condition, and p for periodic boundary. According
to Ref. �9�, the free energy of the system defined as

fB=−�1/MN�ln ZB, with partition function ZB, can be written
as

fB =
1

MN
�1 −

1 + g

2
MN�ln 2 − 1

2 ln�sinh�2���

−
1

MN
ln �

i=1

4

�i
BZi, �2�

where the superscript B denotes the boundary conditions, g
=1 for the sq and pt lattices, and g= 1

2 for the hc lattice, �
=J / �kBT� with J being the coupling constant of the nearest
neighbor interaction, and kB being the Boltzmann constant,
and �i

B are sign factors shown in Table I, and

Z1 = Z1/2 1/2, Z2 = Z1/2 0,

Z3 = Z0 1/2, Z4 = − sgn���Z00, �3�

with
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FIG. 1. Illustration for the Ising model on M �N planar lattice
with periodic-periodic and antiperiodic-periodic boundary
conditions.
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− cos

2
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gM

− cos
2
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�

− 
A2cos�2
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−
2
�q + 	�

N
��1/2

. �4�

The explicit expressions of Ai for the sq, pt, and hc lattices
are shown in Table II.

For the case of an infinite long Ising strip with N=�, we
have Z1=Z2 and Z3=−Z4, and the interfacial tension in Eq.
�1� becomes

���,M� = M�fa��,M� − fp��,M�� , �5�

where the free energy fB of a M �� Ising strip can be ob-
tained by taking the limit of N→� for Eq. �2�. The typical
behaviors of the interfacial tension � for the sq, pt, and hc
lattices are shown in Figs. 2�a�–2�c�, respectively. Here we
should note that, as R is approaching to zero gradually, there
are strong fluctuations emerged in numerical calculations of
Zi for small R. Due to the existence of the sign factor sgn���
in Eq. �3�, the behaviors of the transitions from M �N to
N→� cannot be observed clearly provided the sign factor is
not handled properly. Therefore, no explicit transitive behav-
iors were reported in Refs. �12,13�, due to uncertainties that
exist in practical numerical calculations. To overcome this
difficulty, we introduce a threshold �c, such that as �Z1
−Z2 � �c or �Z3−Z4 � �c then Z1=Z2 and Z3=−Z4 should be
taken. It follows that for the aspect ratio R ranging from 0.2
to �, the transitive behaviors of the interfacial tensions can
be shown explicitly in Fig. 2, in which �c=10−5 has been
taken for the sq and pt lattices, and 2�10−6 for the hc lattice.
The jumps appear explicitly in these figures as a conse-
quence of the introduction of �c, and their locations depend
on the system size, the value of �c, and the precision of
numerical calculations.

The scaling form of the interfacial tension was proposed
to be �12–14�

���,R,N� =
1

N
��z,R,N� , �6�

where ��z ,R ,N� with z=�N is the scaling function. To have
an analytical expression of the scaling function, we expand
the free energy near the critical point �=0,

TABLE I. Sign factors �i
B in Eq. �2� for periodic-periodic �pp�

and antiperiodic-periodic �ap� boundary conditions.

B.C. �1
B �2

B �3
B �4

B

pp + + + +

ap + − + −

TABLE II. Expressions for A0, A1, A2, and �c for various lat-
tices, t=tanh���.

Lattice A0 A1 A2 �c

sq �1+ t2�2 2t�1− t2� 0 1
2 ln�1+�2�

pt �1+ t2�3+8t3 2t�1− t2�2 1 1
2 ln�3

hc 1+3t4 2t2�1− t2� 1 1
2 ln�2+�3�

FIG. 2. �Color online� The behaviors of the interfacial tension
��� ,N ,R� as a function of � for �a� the sq, �b� pt, and �c� hc lattices
with fixed M =50, and N=10,20,40,50,100, . . . ,�.
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fB��,R,N� = fc
B�0,R,N� − �cEc

B� +
1

2
�2�cEc

B −
Cc

B

kB
��2 + O��3� ,

�7�

where �c=J / �kBTc�, Ec
B= ��fB /����=0 is the internal energy,

and Cc
B /kB=−�c

2��2fB /��2��=0 is the specific heat at critical-
ity. It follows that the interfacial tension � can be expanded
with respect to z as

��z,R,N� = �0�R,N� + �1�R,N�z + �2�R,N�z2 + O�z3� ,

�8�

with

�0�R,N� = fc
ap − fc

pp, �9�

�1�R,N� = − �c�Ec
ap − Ec

pp� , �10�

�2�R,N� = �c�Ec
ap − Ec

pp� −
1

2kB
�Cc

ap − Cc
pp� . �11�

The explicit forms of �0�R ,N�, �1�R ,N�, and �2�R ,N� can
be formulated based on the expansions of fc

B, Ec
B, and Cc

B

with respect to N. The exact expansions of these quantities at
a critical point are known as �6�

fc
B = fbulk +

1

RN2�ln f1
B − 1

3 ln�4f2�� + O� 1

N3� , �12�

Ec
B = − E0 −

1

N
�c0,2

�4
Bf2

f1
B + O� 1

N2� , �13�

Cc
B

kB
= c0,0�c

2ln N + c0,1�c
2 − 2c0,0�c

2 f3
B

f1
B − c0,2R�c

2� f2

f1
B�2

−
1

N
c1�c

2�4
Bf2

f1
B + O� 1

N2� , �14�

where fbulk=0.929 695 4. . ., for sq, 0.879 585 4. . ., for pt, and
1.025 059 1. . ., for hc lattices, f1

B=�1
B ��3 � +�3

B ��4 � +�2
B ��2�,

f2= ��2 � ��3 � ��4�, f3
B=�1

B ��3 � ln ��3 � +�3
B ��4 � ln ��4 �

+�2
B ��2 � ln ��2�, with �i=�i�0,q� are the Elliptic theta func-

tions of modulus q shown in Table III, and the expressions
for E0, c0,0, c0,1, c0,2, and c1 are listed in Table III. Thus, the
expressions of �0�R ,N�, �1�R ,N�, and �2�R ,N�, respec-
tively, take the forms

�0�R,N� = ln
��2� + ��3� + ��4�

− ��2� + ��3� + ��4�
+ O� 1

N2� , �15�

�1�R,N� = 2R�c0,2�c

��2�3�4����3� + ��4��
���3� + ��4��2 − ��2�2

+ O� 1

N2� ,

�16�

�2�R,N� = − 4Rc0,0�c
2 ��2���3��ln��2� + ln��3��

���3� + ��4��2 − ��2�2

− 4Rc0,0�c
2 ��2���4��ln��2� + ln��4��

���3� + ��4��2 − ��2�2

− 2R2c0,2�c
2 ��2���2�3�4�2���3� + ��4��

����3� + ��4��2 − ��2�2�2

+
2R

N
��c0,2�c + c1�c

2�
��2�3�4����3� + ��4��
���3� + ��4��2 − ��2�2

+ O� 1

N2� . �17�

To explore the behaviors of ��0,R ,N�, here we plot the
leading terms of �i�R ,N�, denoted by �i,0�R�, as functions of
R for the sq, pt, and hc lattices. Figure 3�a� shows the behav-
iors of R�0,0�R�, in which the result for the sq lattice was
first obtained in Ref. �11�. The behaviors of �1,0�R� as a
function of R are shown in Fig. 3�b�, and �2,0�R� are shown
in Fig. 3�c�. Here we note that Fig. 2 is plotted according to
Eq. �1�, and Figs. 3�a�–3�c� are plotted based on Eqs.
�15�–�17�, respectively, and are consistent with results by
numerical studies in Refs. �12,13�. The values of �1,0�R� and
�1,0�R� for a number of aspect ratios can be calculated ex-
actly. For example, in the limit of N→�, or R→0, we have,
for the sq lattice, the Elliptic theta functions �2�q ,R� and
�3�q ,R� vary as R−1/2, and �4�q ,R� varies as 2R−1/2e−4
/�4R�,
which imply

lim
R→0

R�0,0
sq �R� =




4
= 0.785 398 . . . . �18�

Similarly, for the pt and hc lattices, we have

lim
R→0

R�0,0
pt �R� =

�3

2




4
= 0.680 174 . . . , �19�

lim
R→0

R�0,0
hc �R� = �3




4
= 1.360 349 . . . , �20�

which can be summarized in a single expression

TABLE III. Expressions for c0,0, c0,1, c0,2, c1, q, E0,0, and D; �E�=0.577 215 664 9. . . � is the Euler
constant.

Lattice c0,0 c0,1 c0,2 c1 q E0,0 D

sq 8



8



�ln 4�2

 +�E− 


4
� 4 2�2 e−
R −�2 1

pt 12�3



12�3



�ln 4�3

 +�E−

�3

6

� 9 6 e−
��3−i�R/2 −2
�3
2

hc 2�3



2�3



�ln 4�3

 +�E−

�3

9

� 3
4

1
�2

e−
��3−i�R/4 − 2
�3

�3
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lim
R→0

R�0,0�R� =
D


4
, �21�

where the values of D for the sq, pt, and hc lattices are listed
in Table III. Following the same procedures, we have

�1,0
sq �0� = ln�1 + �2� = 0.881 373 . . . , �22�

�1,0
pt �0� =

3

4
ln 3 = 0.823 959 . . . , �23�

�1,0
hc �0� =

�3

2
ln�2 + �3� = 1.140 518 . . . , �24�

which can also be summarized as a single expression

�1,0�0� = �c0,2�c, �25�

where the values of �c0,2 and �c are listed in Table II. For the
aspect ratio R=1, we have, for the sq lattice, �2�qsq ,1�
=�4�qsq ,1�, and �2�qsq ,1� /�3�qsq ,1�=2−1/4, and

�0,0
sq �1� = 
ln

��2� + ��3� + ��4�
− ��2� + ��3� + ��4��R=1

sq

= ln�1 + 23/4�

= 0.986 486 . . . , �26�

which was first obtained in Ref. �11�. Similarly, for the pt
and hc lattices, we have �2�qpt,hc ,1�=�3�qpt,hc ,1�
=�4�qpt,hc ,1�, which leads to

�0,0
pt �1� = ln 3 = 1.098 612 . . . , �27�

�0,0
hc �1� = 2 ln 3 = 2.197 224 . . . . �28�

Furthermore, for �1,0�1�, we have

�1,0
sq �1� = 1.009 92 . . . , �29�

�1,0
pt �1� = 1.117 74 . . . , �30�

�1,0
hc �1� = 1.547 17 . . . . �31�

It is interesting that the amplitude of the interfacial ten-
sion defined as R �0,0 with R→0 for the sq, pt, and hc
lattices have relative proportions 1:

�3
2 :�3 which are related

to the aspect ratios for the three lattices to have similar do-
mains �8,15�. According to the analytical perspective given
above, the relative proportions naturally enter from the
modulus q in the corresponding elliptic theta functions,
�i�0,q�. This demonstrates the origin of the concept of a
similar domain. Since Eq. �21� is a conformal result, it is
valid for all isotropic Ising lattices.

Here we remark that the treatment of the asymptotic be-
haviors of a finite lattice system with the aspect ratio R→0
has been an important issue to understand the crossover be-
haviors from a finite-size to a semi-infinite or bulk system. In
particular, it is still not quite clear how to handle uncertain-
ties involving the numerical simulations of lattice systems at
a criticality at which configuration-averaged quantities usu-
ally have a typical accuracy no better than 0.1% due to sta-
tistical fluctuations �11�. As a result, some detailed critical
behaviors cannot be observed by simulations. Studies of
simple models with analytical solutions then become a play-
ground for tackling such problems. In this paper, we have
presented a revision of the picture of the interfacial tension at
a criticality and the analytical expressions of the amplitudes
and the high-order expansions of the scaling function in a
unified version. Since our results are rigorous, they provide
an important background for extending studies on the fine
features of critical lattice systems. For instance, our treat-
ment of the asymptotic behaviors and the analytical expres-
sions are helpful for the investigations of the existence of

FIG. 3. �Color online� The behaviors of �a� R ·�0,0�R�, �b�
�1,0�R�, and �c� �2,0�R� as a function of R for the sq, pt, and hc
lattices.
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discontinuities of thermodynamic quantities at a criticality of
infinitely long Ising cylinders with an antiperiodically joined
circumference �16�. Furthermore, although the results of our
study are based on analytical solutions, the formulations pre-
sented in this paper can be extended to numerical or experi-
mental studies of finite critical systems �17�.

The present work also inspires similar and further study in
the dimer model, where the interfacial tension can be exten-
sively defined as the difference between the free energies of
the dimer models, respectively, with lattice sizes of 2M
�2N and 2M � �2N+1�. Quite recently, Izmailian et al. �18�
showed that the finite-size corrections in two-dimensional
dimer models on square lattices should be interpreted by the
effective central charge instead of a central charge such that
the effects from changes of parity and boundary conditions

in the dimer model can be interpreted consistently. Neverthe-
less, the transitions among different lattice spaces are still
unclear and require further studies. Since the central charge
parametrizing two-dimensional critical systems is directly re-
lated to finite-size corrections to the critical free energy, the
analysis of interfacial tension shall be a way to understand
the transitive behaviors of the triangular dimer model at the
critical point at which it becomes the square lattice �19�. The
formulations and analytical expressions presented in this pa-
per are a useful reference for such studies.
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