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i’iﬁﬂi[ﬁl’ﬂiﬁﬁg (Eratosthenes, 240 B.C.) radius = 6371km

® FEratosthenes lived in the city of Alexandria (Egypt).

Eratosthenes
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iﬂﬁﬁi[ﬁl@iﬁf@ (Eratosthenes, 240 B.C.) radius = 6371km
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iﬁﬁﬂi[ﬁl’ﬂi{ﬁfé@ (Eratosthenes, 240 B.C.) radius = 6371km

Sun Rays
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iﬁﬁﬂi[ﬁl’\]ﬁﬁf?ﬁ (Eratosthenes, 240 B.C.) radius = 6371km

0=7.2°
=800km

(C/S)=(360/7.2)
=(C/2n)=




HhER ] B Bk A EE%E (Hipparchus 190 - 120 B.C.) distance~384400km

® That eclipse was total at the Hellespont, but

view from Hellespont
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HhER ] B Bk A EE%E (Hipparchus 190 - 120 B.C.) distance~384400km

® That eclipse was total at the Hellespont, but

® The Sun itself is so distant that when viewed from anywhere on Earth, it

covers practically the same patch of the sky, with a width of about
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HhER ] B Bk A EE%E (Hipparchus 190 - 120 B.C.) distance~384400km

® 1/5th of the Sun's diameter covers about 0.1 in the sky, so the angle

® The latitude of the Hellespont is about 40" 20, while that of Alexandria is
about 31°20', a difference of
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HhER ] B Bk A EE%E (Hipparchus 190 - 120 B.C.) distance~384400km

® 1/5th of the Sun's diameter covers about 0.1 in the sky, so the angle

® Let r= Earth radii. (2T[R/360)X01 = (2T[F/360)X9
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HhER ] B Bk A EE%E (Hipparchus 190 - 120 B.C.) distance~384400km

® 1/5th of the Sun's diameter covers about 0.1 in the sky, so the angle

® Let r= Earth radii. (2T[R/360)X01 = (2T[F/360)X9

® Thus R=90r, an overstimate of about 50%. (vs about 60 Earth radii)
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Source: http://www.hexboard.com/




HEX THEOREM (joHN NASH, 1948)

»Theorem A game of Hex
cannot end in a draw.




HEX THEOREM (joHN NASH, 1948)

»Theorem (Hex Theorem) A game of Hex
cannot end in a draw.

» Theorem In a game of Hex, the first player always
has a winning strategy




JOHN NASH

* John Nash won the 1994 Nobel Prize for his work in non-cooperative
game theory, and the Brouwer Theorem is key in proving one of his
most celebrated theorems, the existence of Nash Equilibria in games.
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m Find Movies, TV shows, Celebrities and more.. -m IMDb Apps Help

A Beautiful Mind 2001 hay ToP 5000

135 min - Biography @ Drama - 8 March 2002 (Taiwan)

Your rating: : == READ NEWS, WATCH
8.2 Ratings: 8.2 from 438,759 users Metascore: 72/100
Reviews: 1,138 user | 200 critic | 33 from Metacritic.com VIDEOS AND MORE
WITH THE IMDb APP

After a brilliant but asocial mathematician accepts secret
work in cryptography, his life takes a turn for the
nightmarish.

i Download Now »
Director: Ron Howard
- ) ) ad feedback
Writers: Akiva Goldsman, Sylvia Nasar (book)

Stars: Russell Crowe, Ed Harris, Jennifer Connelly . .
See full cast and crew » Quick Links

Contact the Filmmakers on IMDbPro » Full Cast and Crew Plot Summary
+ Watchlist ~ Share... Trivia Parents Guide

Quotes User Reviews

Awards Release Dates

Top 250 #160 | Won 4 Oscars. Another 30 wins & 54 nominations. See more awards » Message Board Company Credits
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BROUWER FIXED POINT THEOREM

Theorem Let f be a continuous function from the

unit square |12 into itself. Then there exists a point x
in |2 such that f(x) = x



MAIN RESULT

Theorem

is equivalent to
Hex Theorem

Theorem (Hex Theorem) A game of Hex
cannot end in a draw.
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MONTY HALL PROBLEM
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MONTY HALL PROBLEM
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MONTY HALL PROBLEM
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X=The number of the door concealing
the prize

Y=The number of the door initially
chosen by the contestant

Z=The number of the door Monty Hall
opens to reveal a goat

prize locatior

3

door picked

by contestang door opene win/loss
mitially with "switch"
strategy

sample space S




.= the event that the contestant
wins with the " strategy
ol = {(1,2,3), (1,3,2), (2,1,3),

1/18

1/9 (2;3;1)} (31112)1 (312r1)}

1/9
1/9

. Claim Pr(" )=2/3

1/18

1/9

1/9

1/9

1/18

prize location\_ﬂ.\_’/ =
3.3.2 L 1/18
door picked™~—"V"_~ (3:3:2)

by contestant dooropened win/loss ptyobabilit'y
initially AL with "switch" ot outcome
strategy
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Thick Coin Problem

* Problem. How thick should a coin be to have a 1/3
chance of landing on edge?

B 352 % (John von

o &
T E IR 2 g, Thime & 20



Simplifying Conditions

Coin falls on face Coin falls on edge

A random point on the
surface of the sphere



A Theorem in Geometry

Theorem The surface area S of the zone depends
only on the height of the zone.

S=21tRh

a sphere of radius R

Source: http://mathworld.wolfram.com/Zone.html




Answer: relation between d and R

d I Edge

a sphere of radius R




Answer: relation betweenr and R

(2R)/3 I Edge

Thickness-diameter ratio

=d/(2r) = \22 dI
=0.35355 Done! Edge
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THE SUCCESSIVE WINS PROBLEM
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Two problems

> % ¢ % § B o 3 i AA

1. Bob, who is color ilind, goes shopping with his wife Alice. Alice finds two shirts and
asks Bob which shirt Bob likes better. The shirts look identical to Bob but Alice says
they look different. How can Alice convince Bob that the shirts are indeed different?
(Based O a t]_ ue StOI y) On the other hand, Alice do not want Bob to Iearn which is red and which is green.

2. How do 3 ofﬁce Workels compute the average of then salaries without anyone revealing

anything additional about their individual salaries?
B s

\_ /




Where’'s Wally?

7

X4t
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How can | prove to you that | know where
. IS without revealing his location?
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You then choose a number: 1 or 2.

If you choose 1,1 remove both pieces of paper,
revealing to you the entire image.







4 N

WRIRF HuE 7

You then choose a number: 1 or 2.

If you choose 1,1 remove both pieces of paper,
revealing to you the entire image.

If you choose 2, | remove only the top piece of

paper, revealing to you that | know where Wally is, as
such:

- /







-

What we got is this:

If I know where Wally is, | can deliver a correct answer
that you can verify 100% of the time.

If I am lying and | do not know where Wally is, YOU
will bust me with a probability of at

least 1/2.

~




Sudoku
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[ can’t solve it.

I know solution.
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I know solution.
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[ can’t solve it.
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& ‘
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I know solution.

1]ol7]el8[s]al3]2] l2]3[1lol7]2]l5]6]s
6l8[203]al1l7]ols] lolz]8]lels]2]1]3]4
slals o7 sTe 1] [lsele ezl '
al1]8]ls]efol2]17]3] Isl=2]7lalol3]8]1]s w—’\‘
716|382 fa]s[sfo] [rlole]7|8[s5]4[2]3 S
2]|slof7l1]3lef8]4] [8lala]1l2]6lo]7]5 *\
olal6]alz]zl:]s[8] l3l8lo]lsle]l:l=2]4]7
sl7li]2]ol8l3lale] [a]l:]2]8]3]7)e]s5]0
8l3lalslslelol2]7) L7lslsl=2[4]o)3]8]:

Alice goes to a different room than Bob and
chooses a random permutation o of {1,...,9}
say 0(1)=2, 0(2)=8, 0(3)=6, o(4)=5, a(5)=4,
0(6)=9, o(7)=1, o(8)=7 and o(9)=3.

Alice then permutes the solution using o as such.



* Alice then puts each entry into a lockbox
and gives the lockboxes to Bob.

- 4

«\g 9 8| |4 2(3|1)o[7]4]5]6]8
” 2 4|1 5 9l7([8)6|5]211]3]4
" 3 6 6[s5]a)3[2]8])7[o]2 @
) : 1 sl2(704fo]3]8][1]6 ?’l‘
[ can’t solve it. e . s Tole o Te sl l213 S
2 8 3|8|ols|6]|1)2]4]7 ‘
f\ 5 219 3 411124813 [716(5]9
":_j 4 5 2 7]16[(502]4]0)3(8]1

s,
—jcas
o

I know solution.




* Alice then puts each entry into a lockbox

"‘ and gives the lockboxes to Bob.

-

¥ 9 s| |4 L-l L=l 1-]-11~]
> 2| |41 5 L-L4-00=l4- 0 =111

3 6 Ll J0-11-] -11-] | o~
I can’t solve it : SE0IBEBIBES. ’*)\‘
' 7|6 2 1o L-li-JL-11- ] -11-] S
8 Ll l=l1=]0-12-] *\
8 Ll - -11-1
9| |3 DED|OED|SEY
5 2 CCO|CtE |St®

" Bob can make one of 28 choices.
| m¢' ~  1.Choose one of the rows.
2.Choose one of the columns.

[ know solution. ¢« &/
. 3.Choose one of the sub-boxes.
4.See the permuted version of the original puzzle.

/




-

T

[ can’t solve it.

vy

-
-

I know solution.

* Alice then puts each entry into a lockbox

and gives the lockboxes to Bob.

9 8| |4 L-lA-JL-11-]-11-]
2| [4]: 5 L-l - JL-12-]1-11-]
6 CEto|etejete
. s|2]7]alol3]8]1]6
6 2 1]o L.l - L-12-]l-11-]
8 Ll 0011111
> 8 Ll Ll -l -11-]
2lo| I3 Ll 1 -]l -11-]
AEE 2 CCS/StV|Stw

g 4 4th Row
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[ can’t solve it.

vy

I know solution.

9 8 L-11-J0-11-](-11-]
3 HEE L1101 1-](-11-]
LAl -11-]

1 51217 | DCR|@ES
6 > 1]o[6 | DES|OES
8[4[3 | DCD|OEV

> Ll 0010111
> o DEO|SEV|SED

4] |s SCO|SCe|et®

G d

4 \%,l I Left Center Box
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gi | 9 g| |4 ©:9
‘ L — L
- 2| |41 5 L-1-Ell

3 6 6| €®

vy

I can’t solve it. - ; 2 T 1‘; =
8 kR
2 8 ©s B
2 5 ARNE 4 1€8]
\ > }!‘ 4 5 2 Se;

G d

4 \%’l I Original

I know solution.




Why should Bob now be convinced that a solution exists?

|f there was no solution, Alice could not find a permutation
that causes Victor to accept for all of his 28 choices for the
permuted puzzle is just the original puzzle in disguise.

|f Bob makes his choice at random then he will catch a
cheating Alice with probability at least 1/28.

That still gives Alice a possible 27/28 chance of cheating.

So repeat the protocol 150 times, each time Alice throws

away the unused lock boxes and chooses a new permutation.

Alice's chance of cheating in every round
is at most (27/28) 150 < 0. 5%.







Mental Poker

— D

Adi Shamir, Ronald L. Rivest
and Leonard M. Adleman

MASSACHUSETTS INSTITUTE OF TECHNOLOGY




FIGURE 1
- Bob encrypts the cards and sends them to Alice in scrambled order.




Alice chooses one for Bob, and encrypts another for herself, and sends
them both to Bob.




Bob dccerypts both cards, and returns Alice’s encrypted card to her.




F IGURE 2
Ahce decrypts her card, and then they compare cards to see who has
won.
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GOOGLE SEARCH ENGINE



THE WEB GRAPH
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In this page we learn how to compute
Page Rank. -
For backeround inf F— Here are some usﬂeﬁﬂmaﬂmh:ks.
www.page3.com [
& vavw.paged.com - Intemet Explorer ... =B [

www page2.com
3 www.paged.com
www.page3.com it
www.paged.com () - [@ causers\Raluca\De ~ [ 44 | x | | Goog
N Back S —

=8 b B4 l@\w.rw.paga.com [ I -

& vww.paged.com - Intemet Explorer provided by Dell
OO' l‘_, £ 'I‘}IXHE&"_Q-: ——ae . Page3 B

@ [ [<[ e x| BB B
In this page we give a clementary

Pa ge 4 introcuction to linear algebra. For
applications of linear algebra to compute
PageRank, check:
www.pagel.com

Page 4 is an elementary introduction to Markov chains.
For background in linear algebra, see www.paze3.com
For applications of Marcov chains, see www.pagel.com -~ Back
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Transition matrix

* Web page transfer evenly its importance to the web pages that it links
to. If a node has k outgoing edges, it will pass on 1/k of its importance
to each of the nodes that it links to.

‘o.' ﬁo.‘ Pv.|‘ /
W =00 =00 == [




PageRank vector of a web graph

.V:

Y

O Nl= Ol

©c O O O o O O O

0.37
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initial rank vector. Suppose that the importance is uniformly
distributed among the 4 nodes, each getting .
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[ 0.38710 |
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vector
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0.19355




Probabilistic point of view

e v = the initial probability distribution. The probability that page i will
be visited after k steps is equal to Akv

0.37 0.37 0.43
0.08 0.08]_[0.12]

2. _ i
0.33|r AV =A(AV) = Al, 43 0.27
0.20 0.20 0.16

L U.39
.11] ; [0.13]
s AV =

« I3
.14
B 4
.20

Y

.29 0.28
o R 0.19

-
¥

<

I

©c O O O oS O O O

.38 38 [ 0.38710 | The,
.13 .12 a 0.12003 | Stationary
.29 g B

19

29 0.2903) distribution
19 | 010355 | OFA
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- 0.38672 0.38710
0.12992 0.12903
0.28979 0.29032

| 0.19358 0.19355

PageRank vector of G
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* Page Rank matrix also known as Google matrix.

*The Google matrix was described by Sergey Brin
and Larry Page in 1998




* Let G be a web graph on n nodes with transition matrix A.

* In 1998, Sergey Brin and Larry Page defined the Google matrix of G with
damping factor 0< p < 1 (a typical value is 0.15) is

=(1-p)A + p(1/n))

M is a positive column-stochastic matrix.

* M models the random surfer model as follows: from a page i the surfer will
follow the outgoing links and move on to one of the neighbors of i. A smaller,
but positive probability, the surfer will dump the current page and choose
arbitrarily a different page from the web and "teleport" there.

« The damping factor p reflects the probability that the surfer quits the
current page and "teleports" to a new one.
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Juggling Pattern

® A juggling pattern is a permutation 7 of the integers Z

f: Z2Z such that f(t)=t for all t.

y 1if the ball thrown at time x is next thrown at time y

X if there is no throw at time x.

® Height function of a juggling pattern




Orbits of 3-ball cascade

® The balls are thrown at times
ball1: ..., -6,-3,0,3,6,....
ball 2: ....,-5,-2,1,4,7,....
ball 3: ..., -4,-1,2,5,8.....




441
® The height function df takes on

the values 4,4,1 cyclically.

x +41if x =0,1 mod3

F(x) = {x+ lifx = 2mod3

W — 1 Y T T ! Y T
-6 -5 —4 -3 -2 -1 o 1 2 3 4 5 6




Period-p juggling pattern

A period-p juggling pattern

is a bijection f: Z->Z such that df(t+p)=df(t) for all t.
Theorem 1 If f is a period-p juggling pattern, then
[df(0)+df(1)+...+df(p-1)] / p = the number of balls




A period-p juggling pattern can be described by giving
df(1)df(2)...df(p).

51414 defines a 3-ball period-5 juggling pattern as follow




Key problems

Which finite sequences correspond to period juggling patterns?

Question: Does 354 correspond to a

juggling period?

Fact If fis a period-n juggling pattern, then we have
{f(t) mod n: t=0,1,2,...,n-1}={0,1,2,3,...,n-1}




STABLE MATCHING



Stable marriages

other to his or her spouse.

A matching is stable if no unmatched man and woman each prefers the J




Example

» Arie: Betty Ann Cindy » Stable matching:
e Bert: Ann Cindy Betty (Arie,Betty), (Bert,Ann),
(Carl,Cindy)

» Carl: Ann Cindy Betty
* Ann: Bert Arie Carl

« Betty: Arie Carl Bert

e Cindy: Bert Arie Carl

* Matching (Arie,Ann),
(Bert,Betty), (Carl, Cindy)
1s not stable, e.g.,



A Prize Winning Algorithm

« Lloyd Shapley, Nobel Prize Winner 2012 in
economics

» Obtained the prize for a number of
contributions, one being the Gale-Shapley
algorithm, discussed today




Result

* Gale/Stanley algorithm: finds always a stable matching
— Input: list of men, women, and their preference list

— QOutput: stable matching
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Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
infected neighbors.

HY
INFECTED INFECTED Seed S
I Hr?c'r‘m llll!rg:un
Time Step =0 " or
Target Set
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Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =0

INFECTED|




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

mricnnllr!rmu! |NF=-E,'=THI mr?cun
. mr{)cnnmgcun
Time Step =1 T ‘
mr?cn! mrrE,l:Im mr@nun
|ur§cnn mr@cnn




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =1




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =2




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =2




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =3




Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

Time Step =3
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® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.
)
FEC
J
Time Step 5
EC
2
J
EC

@ At the start, some squares are infected, and some are healthy.

@ An infection spreads on a grid of n by n squares.
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® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.
)
FEC
J
Time Step 5
EC
2

@ At the start, some squares are infected, and some are healthy.

@ An infection spreads on a grid of n by n squares.



Béla Bollobas: The Spread of Infection on a Square Grid

@ An infection spreads on a grid of n by n squares.
@ At the start, some squares are infected, and some are healthy.

® From one generation to the next, a healthy square will become infected if it has two or more
Infected neighbors.

@ What is the minimum number of initially infected squares that can result in every square
eventually becoming infected?

HSNINGNT 5

INFECTED

7 initially infected squares
in the target set

Time Step =5 |ue1HONTHEN

[INFFRTEN INFECTED

“5"1“5"1 min-seed(5 X 5 square grid, 2) <7
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the minimum number of initially infected squares
that can result in every cell eventually becoming infected?
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® min-seed(n X n square grid, 2)

min-seed(5 X 5 square grid, 2) < 5



Béla Bollobas: The Spread of Infection on a Square Grid

Perimeter length of the black domain does not increase !
s:=the number of initial black cells

4s =2 16



Béla Bollobas: The Spread of Infection on a 5 X 10 Grid



The Spread of Infection on a Graph

e Threshold Model (G, 0)

Let G =
thresholds 0
each v € V.

(V, FE) be an undirected graph equipped with
V. — N such that 1 < 9(v) < dg(v) for




The Spread of Infection on a Graph

e Updating Rule:
All healthy vertices v that have at least ¢(wv) already-infected
neighbors become infected.

2 initially infected nodes

Time Step =0



The Spread of Infection on a Graph

e Updating Rule:
All healthy vertices v that have at least #(v) already-infected
neighbors become infected.

2 initially infected nodes

Time Step =1



The Spread of Infection on a Graph

e Updating Rule:
All healthy vertices v that have at least 6 (v) already-infected
neighbors become infected.

2 initially infected nodes




The Spread of Infection on a Graph

e Updating Rule:
All healthy vertices v that have at least ¢(v) already-infected
neighbors become infected.

2 initially infected nodes

Time Step =3



The Spread of Infection on a Graph

e min-seed((, )= the minimum number of initially infected
nodes so that all nodes in (G are infected at the end of the
process.

2 initially infected nodes

a’ min-seed(G, 0) < 2
HSN1

Time Step =4



THE MATHEMATICS BEHIND
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* Global Positioning System (GPS) is a satellite- based system of
signals.

* There is also a Russian GPS system, GLONASS.

* 4 satellites are located in each of six circular orbits (20,200 km
high-altitude). Which are evenly spaced every 60° around the
earth and inclined at 55  from the equator, which means that
satellites cross the equator tilted at a 55  angle. This
constellation provides the user with between five and eight
satellites visible from any point on the earth.



* GPS, operated by the U.S. Department of Defense (DoD),
became fully operational in 1995.

* The system uses a
constellation of satellites
transmitting on radio
frequencies, 1227.60 mHz
and 1575.42 mHz.




* GPS determines distance between a GPS satellite and a
GPS receiver by measuring the amount of time it takes a
radio signal to travel from the satellite to the receiver
(figure 1). Radio waves travel at the speed of light,
which is about 300,000 kilometer per second. So, if the
amount of time it takes for the signal to travel from the
satellite to the receiver is known, the distance from the
satellite to the receiver (distance = speed x time) can be
determined. If the exact time when the signal was
transmitted and the exact time when it was received are
known, the signal's travel time can be determined.




* |n order to do this, the satellites and the receivers use very
accurate clocks which are synchronized so that they generate the

same code at exactly the same time.

1 o 0 1 o 1 1 1] 1 o 0O
| | I I Satellitensignal

o 0 1

1 0 0 _ 1 0 1 1 o 1
I | I I I | I I Referenzsignal des Empfangers

Izﬁa@

 The code received from the satellite can be compared with the
code generated by the receiver. By comparing the codes, the time
difference between when the satellite generated the code and
when the receiver generated the code can be determined.



What sort of information
is received from the satellites?

e Each satellite sends signals, on both of its frequencies, giving
© its position and
® the exact times at which the signals were transmitted.



How does a GPS receiver use satellite information to
determine our position?

® When a signal comes in from a satellite, the receiver records
the difference, At, in the time at which the signal was
transmitted and the time at which it was received.

@ This information shows that we are located at some point on a
sphere of radius d=cxAt, centered at the point from which the
satellite transmitted.

® Information from several satellites is combined to give the
coordinates-latitude, longitude, and altitude-of our position



A Simple Model

The mean distance from your position due north You are here

to the edge of the grave

The location of car will be described

by its angular distance from due north, \5
measured in a clockwise direction. L ..

— —

f

To determine your position, messengers leave from
cars on the road and walk straight forward to you.

Pavement ft/sec

5 ft/sec

\ y,

Messenger’s speed



Example

the coordinates (xg, y4), of YOUr, P aave pm 12:00:00

(xo _ 70'7)2 + ( Y arrive pm 12:00:20.2

(xo— 70.7)° + (¢ 20ft+5x20.2-(20/4)1=96.0 ft
foid (—20.0 (70.7,70.7)

system has two soliitfoiig)
‘he latter point is outside of the lot
and 39.2 ft north of the center of

P, 135/, leave pm 12:01:00

ﬂ’ % arrive pm 12:01:29.5
20ft + s5x[ 29.5-(20/4) =14 2.5 ft
(70.7, -70.7)

ppose that, just to be careful, you decide ( - 20.0, 392) and
:ssenger leave the road at a point 180° fr ( 161.4, 39.2)

wes at 12:02 pm and, according to your v



What has happened?

) .7)2 = 96.02 45°, departure pm 12:00:00
2 ; arrival pm 12:00:20.2
).7)° = 142 .52

and (161.4. 39.2). rounded to ® The most likely problem is that your watch does not agree
an Conclud,e that ,you are locat with the times used at the departure points on the road.

h i . . h . ® Suppose your watch has a fixed error of € seconds, a
t. The situation is shown in Fic positive € means that your watch is ahead of the road time.

p 135", departure pm 12:01:00
L arrival pm 12:01:29.5
180’, departure pm 12:02:00 20ft + 5x[ 29.5-(20/4) =14 2.5 ft
;)Lllég@h_ J_QLn(.lzf'Q_zléz.zLJ..l\/ A LFCAL CLu A4 —I:}U.lJ_J. L 9 A s AL riii LAY FL LRLL

isition. On his arrival, your watch shows that it is

1 - T 1 — T ~ F i) 1 | h |

* The radius of each circle is in error by the same amount, -5¢ ft and there must be a value of € for which the three
circles have a common point.
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FIGURE 5
Effect of Watch Error.

It appears that your watch has an error of approximately 5 sec. The error and th
rordinates of your position are a solution for the following system of equations:

((xo — 70.7)% + (yo — 70.7)% = d(20.2, £)?)
(xo— 70.7)° + (yo, + 70.7)° =d(29.5, £)°
| (x5 —0.0)" + (y, + 100.0)* =d(32.2, &)

o
.
.

The system can be solved numerically, starting with seed values of 0 for £ an
stimated coordinates of your position for x, and y,. There is only one solution givin
location inside of our lot. Rounding this to our level of precision yields (x,, y,, €) =
10.9,31.2,4.9). You conclude that you are 10.9 ft east and 31.2 ft north of the cente

It appears that your watch has an error of approximately 5 sec.



* The error and the coordinates of your position are a solution for the
following system of equations

your watch has an error ot approximately 5 sec.
1Ir position are a solution for the following systen

(X, Yor €) = (10.9,31.2,4.9).

* You only need a steady, but not necessarily accurate, watch and the
ability to approximate the solution of a system of three equations in
three unknowns.
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Back to the Satellite (3D)

264 MATHEMATICS MAGAZINE

lett trom Q; = (74.1340, 67.3568). T'his is only a 1.0% error in the first coordinate and

Our Iocatlon is determlned by solvmg a system equations.

ften attrlbuted to alteration of the satellite signals by the
Department does, at times, degrade the satellite data and
- This Selective Availability (SA) will be phased out with:
stated that SA is used for reasons of national secur
ot the signals explains very little of the variation in p«
rimarily caused by random errors in measurement, th



A practical matter

* When a numerical solution is found, the rectangular coordinates (x,, Y,
Z,) of your position are converted into the essentially spherical
coordinates of latitude, longitude, and altitude above sea level.

 There are times and locations when a GPS receiver can receive data
from only three satellites. In such cases, a position at sea level can still
be found. The receiver simply substitutes the surface of the Earth for
the missing fourth sphere.



Variability of Positions

 Why does the determined position change with each new
computation, even though we are not moving?

* Selective Availability (SA) ended a few minutes past midnight
EDT after the end of May 1, 2000. The change occurred
simultaneously across the entire satellite constellation.



Computer simulation of what happens if you stay in your fixed location and make

repeated computations of your position
(2D model)

* Each determination of a position is made with the following
assumptions.

Three points of departure for messengers are picked at random,
assuming that the angle between any two points of departure is at least
30, but not more than 150°.

® The distance over which a messenger must walk on gravel is a normal

©

random variable with a mean of 20 ft and a standard deviation of 5 ft.

The relative error in each coordinate of the point of departure is a
normal random variable, with a mean of 0 and a standard deviation of
0.3%.



The positions computed in|a run of 50 simulations|are plotted on the left side of
Ficure 6, along with circles ot radii d5, and dg5. Our probabilistic model yields

results that agree quite well with plots of successive positions found with an actual
GPS receiver from a fixed location.

Commercially available GPS units operate under
what is called the Standard Positioning Service
(SPS), measuring distances using satellites'
1575.42 mHz frequency.

Under the best circumstances, the 50% c.e.p. for
the SPS is 40 meters.

Messengers
) Single
Messengers (o 2 4 6 8 10
Feet
FIGURE 6

Simulations.



What is done to improve the accuracy of these
varying positions?

© Precise Positioning Service (PPS) uses signals transmitted on both of
the GPS frequencies to eliminate much of the variability caused by the
passage of signals through the Earth’s atmosphere

® Differential Global Positioning System (DGPS)



What is done to improve the accuracy of these
varying positions?

@ Differential Global Positioning System (DGPS)

— Most of the error in a GPS position is due to random variables in the
atmosphere and the satellite system.

— Within a small geographical area, the error at any instant tends to be
independent of the exact location of the receiver.

— DGPS establishes a fixed base station, whose exact location is already
known. Equipment at the base station computes its current "GPS position,”
compares this with its known location, and continuously broadcasts a
correction term.



What is done to improve the accuracy of these
varying positions?

® Differential Global Positioning System (DGPS)

— DGPS establishes a fixed base station, whose exact location is already
known. Equipment at the base station computes its current "GPS position,”
compares this with its known location, and continuously broadcasts a
correction term.

— A DGPS receiver in the area receives its own satellite information and
computes its position. Simultaneously it receives the current correction
from its base station, and applies this to its computed position. The result is
a very accurate determination of the receiver's position; 50% c.e.p.'s for
GDPS run close to 9 meters.



Differential GPS
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» L+U+C+K = 12+21+43+11 = 47%
= | +O+V+E=12+15+22+5=54%
= 11+14+15+23+12+5+4+7+5 = 96%0
= 8+1+18+4+23+15+18+11 = 98%

That's all don't score full- mark...but



1+ 20+20+9+20+21+ 4+ S

=100%
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e http://scienceblogs.com/dotphysics/2009/03/04/error-propagation-and-the-distance-the-sun/

* http://spiff.rit.edu/richmond/asras/measure_ss/measure_ss.html

e http://www.astronomyforbeginners.com/astronomy/howknow.php




